This paper includes a twofold result for the Nonlinear Conjugate Gradient (NCG) method, in large scale unconstrained optimization. First we consider a theoretical analysis, where preconditioning is embedded in a strong convergence framework of an NCG method from the literature. Mild conditions to be satisfied by the preconditioners are defined, in order to preserve NCG convergence. As a second task, we also detail the use of novel matrix-free preconditioners for NCG. Our proposals are based on quasi-Newton updates, and either satisfy the secant equation or a secant-like condition at some of the previous iterates. We show that, in some sense, the preconditioners we propose also approximate the inverse of the Hessian matrix. In particular, the structures of our preconditioners depend on lowrank updates used, along with different choices of specific parameters. The low-rank updates are obtained as by-product of NCG iterations. The results of an extended numerical experience using large scale CUTEst problems is reported, showing that our preconditioners can considerably improve the performance of NCG methods.
Introduction
Several iterative methods have been proposed in the literature, for the solution of the large scale unconstrained problem min x ∈ R f (x ) , where f : R n → R (see e.g. [11, 21, 28] ). Among them, the NCG along with quasi-Newton methods are undoubtedly the most commonly used, since they both proved to be really effective in practice and show mature convergence properties (see e.g. [28, 29] ).
In the case we consider the minimization of a convex quadratic function, then the NCG and the BFGS quasi-Newton method show a well studied correspondence of the search directions they respectively generate [26] . This spots some light on the relation between the latter two classes of methods, and in this paper we want to partially exploit benefits from possibly coupling their respective underlying ideas.
On this purpose let us first consider a Preconditioned Nonlinear Conjugate Gradient (PNCG) method, where essentially three choices at current step k strongly determine both the effectiveness and the efficiency of the overall method. In particular, the first choice refers to the linesearch procedure , which selects the steplength α k > 0 used to compute the next iterate x k +1 , being
Then, the second choice refers to the selection of the parameter β k +1 , which determines the next search direction as
Finally, a proper choice M k +1 ∈ R n ×n for a preconditioner may also be part of the computation of p k +1 , as in
The latter three choices are not independent, inasmuch as for instance an improper preconditioner risks to possibly destroy both convergence properties and numerical performance of the PNCG. This observation imposes some care before adopting a preconditioner, in order to first verify that it complies with the requirements claimed by the convergence analysis.
In the first part of this paper we show that, given a theoretically strong convergence framework of a well-known NCG method, under mild assumptions on a preconditioning strategy, we can easily obtain a PNCG scheme which preserves convergence properties. Then, we report rather efficient proposals of our preconditioners, which actually ensure convergence for the PNCG.
Observe that addressing good preconditioners for NCG methods still remains an intriguing research issue, in particular when the solution of large scale problems is sought and no structure of the problem is known in advance [6, 9, 12, 21, 29, 30] . Similarly, matrix-free preconditioning for linear systems or sequences of linear systems is currently an appealing research topic, too (see e.g. [4, 5, 13, 14] ).
On this guideline, this work is devoted to investigate ideas from quasi-Newton updates, in order to build possible preconditioners for NCG. In particular, we are interested both to obtain a numerically efficient preconditioner, and to analyze its theoretical properties. The preconditioners we propose are iteratively constructed and based on satisfying a modified secant equation, and partially recover the structure of quasi-Newton updates. To sum up, we definitely remark that our preconditioners are designed for the PNCG and
• do not rely on the structure of the minimization problem in hand;
• are matrix-free, hence they are naturally conceived for large scale problems;
• are built drawing inspiration from quasi-Newton schemes;
• convey information from previous iterations of the PNCG.
Finally, for the sake of completeness we urge to recall that the idea of using a quasi-Newton update as a possible preconditioner, within NCG algorithms, is not new; examples of such an approach can be found for instance in [3, 8, 24] .
The paper is organized as follows: in Section 2 some preliminaries on PNCG are reported. In Section 3 we give theoretical results on the global convergence of an effective PNCG algorithm. Section 4 reports a description of a recent preconditioner from the literature. In Section 5 we describe a novel preconditioner which is based on a modified secant equation. Section 6 details a numerical experience which refers to our preconditioner described in Section 5 . Finally, Section 7 reports some concluding remarks. An Appendix completes the paper.
As regards the notation, · denotes the Euclidean norm. Moreover, we indicate with A 0 the positive definiteness of matrix A ∈ R n ×n , and we use tr ( A ) for its trace , while
given the function f ( x k ) and its gradient g ( x k ) at the iterate x k , we use respectively f k and g k to denote them.
General remarks on PNCG
Here we first recall a general scheme of a Preconditioned Nonlinear Conjugate Gradient (PNCG) algorithm (see also [29] for a general survey). Then, we detail the description of the rationale behind our proposal, namely the idea of using low-rank updates to satisfy a secant-like equation. In the following PNCG scheme the matrix M k ∈ R n ×n denotes a possible positive definite preconditioner at the iteration k .
Preconditioned Nonlinear Conjugate Gradient (PNCG) scheme
Step 1 : Data x 1 ∈ R n and M 1 0. Set p 1 = −M 1 g 1 and k = 1 .
Step 2 : Use a linesearch procedure to compute the steplength α k , which satisfies Wolfe conditions , and set the next iterate as
Step 3 : If a stopping criterion is satisfied then STOP, else compute the coefficient β k +1 , along with the preconditioner
1)
set k = k + 1 and go to Step 2 .
Evidently, in case M k = I for any k , the PNCG scheme reduces to the NCG method. As an alternative, in order to improve, at least partially, the efficiency of the NCG by introducing preconditioning strategies (see also Section 3 ), the Step 3 of PNCG might be replaced by the next one.
The steplength α k +1 and the parameter β k +1 can be chosen in a variety of ways, in order to ensure convergence properties or to improve the overall efficiency (see e.g. [19, 21] ). Here we neither intend to propose a novel choice of β k +1 , nor we want to consider any specific linesearch procedure to compute α k +1 for PNCG algorithm. To this regards, Wolfe conditions are well-suited for our purposes, inasmuch as they easily guarantee that the curvature condition
is fulfilled for all k , where
On the contrary, in this paper on one hand we justify in Section 3 the importance of positive definiteness for preconditioners, also in order to prove global convergence results. This will indirectly provide additional general requirements for the construction of potentially novel preconditioners. Then, we show that our proposals comply with the latter requirements. As already said, preconditioning is usually applied for increasing the efficiency of the NCG method. In this regard, in this work we exploit some matrix updates and their capability to possibly mimic quasi-Newton schemes, in order to generate a 'reasonable' approximation of the inverse Hessian matrix and use it as a preconditioner within a PNCG framework. As well known, quasi-Newton methods are iterative algorithms which generate at current step k the search direction
being H k an approximation of the inverse Hessian matrix [ ∇ 2 f (x k )] −1 . Then, the next iterate x k +1 is generated as x k +1 = x k + α k p k , where α k is a steplength. The matrix H k +1 is obtained by a low-rank modification of matrix H k , in order to limit the computational effort.
Among the quasi-Newton schemes, L-BFGS method is usually considered much efficient for large scale problems, provided that ill-conditioning of H k is kept under control. This method is based on exploiting curvature information obtained from the most recent iterations. The update H k +1 at the k th iteration of BFGS is given by the formula
Among well known reasons for the success of the L-BFGS method we find that H k +1 is the positive definite matrix 'as close as possible' (in the sense of Frobenius norm) to the matrix H k , and satisfying the secant equation
Now, we explicitly focus on the case where f ( x ) is quadratic, i.e. f (x ) = 1 / 2 x T Ax − b T x, with A ∈ R n ×n positive definite and b ∈ R n . The latter case is particularly appealing to our purposes, since it allows to exploit the strong relation between BFGS and the conjugacy of search directions with respect to matrix A [26] . Indeed, the BFGS update (2.3) is explicitly given by 5) and recalling the expression of f ( x ), along with relation y k = As k , we can set 6) where the vectors { p 1 , . . . , p k } are mutually conjugate with respect to A . Then, using BFGS recursion (2.5) , we can write
Finally, the conjugacy among vectors { p 1 , . . . , p k } with respect to A implies that for any k
and again recalling that y k = As k , relation (2.7) yields
Remark 2.1. To our purposes the importance of formula (2.8) relies on the fact that, as proved in Proposition 1 of [10] (see also [17] ), when f ( x ) is quadratic the rightmost term in (2.8) may be treated as an approximation of the inverse Hessian A −1 . This may represent an appealing tool to build possible preconditioners, as revealed in Sections 4 and 5 .
Global convergence for an effective PNCG
Several preconditioned NCG schemes were proposed in the literature, with a strong focus on efficiency (see e.g. [29] ). The latter schemes also include algorithms where the Nonlinear Conjugate Gradient method is often integrated with an ad hoc preconditioner, and is coupled with a linesearch procedure to compute the steplength α k . An example of recent methods where this approach was used is given by CG-DESCENT and L-CG-DESCENT algorithms [19, 20, 22] , which include a proper linesearch procedure, along with a formula for the parameter β k specifically defined, to ensure both global convergence and efficiency of the overall algorithm.
In this section we aim at using a globally convergent NCG scheme from the literature, endowed with strong convergence properties, and studying how embedding a positive definite preconditioner in order to preserve the global convergence. This approach on one hand provides an overall preconditioned NCG scheme with strong convergence properties; on the other hand, it gives general clear guidelines to build fruitful preconditioners.
On this purpose, we selected the NCG scheme in [18] , since the authors prove rather strong and appealing convergence results for it (further results can also be found in [1, 2] ). We remark that the proposal in [18] (here addressed as PR-NCG since Polak-Ribière method is considered) also adopts a simple linesearch procedure (which devises results from the literature of derivative-free optimization methods), whose implementation is, to some extent, simpler than the use of standard Wolfe conditions. Then, in this section we show how introducing a very general preconditioner in PR-NCG, still maintaining its global convergence. Assumption 3.1 (see also [18] ) .
(a) Given the vector x 1 ∈ R n and the function f ∈ C 1 (R n ) , the level set
, is positive definite with eigenvalues satisfying
Note that by Assumption 3.1 there exists a value (say ≥ 1) such that
Moreover, due to technical reasons we assume that the radius r of B r is large enough to satisfy relation r > sup
where σ ∈ (0, 1) and ρ 2 > 0 (being the latter parameters used in the next Algorithm PR-NCG_M).
Now we report the algorithm PR-NCG_M, which represents our preconditioned version of the algorithm PR-NCG in [18] . Then, we are going to prove that, under Assumption 3.1 , PR-NCG_M maintains the same global convergence properties of PR-NCG. For the sake of simplicity we indicate M ( x k ) with M k , being x k ∈ B r .
Algorithm PR-NCG_M
Step 0 : Set
Step 1 : If g k = 0 STOP.
Step 2 :
Step 3 :
, satisfy the conditions:
Set k = k + 1 and go to Step 1 .
Remark 3.1.
Observe that here the parameters δ 1 and δ 2 do not have to satisfy the condition δ 1 < 1 < δ 2 as in [18] . This additional generality of our proposal relies on the freedom to choose the preconditioner. In this regard, since δ 1 and δ 2 are no more related to the unit value, no significant bound on the condition number of the preconditioner is imposed (see (c) of Assumption 3.1 ).
Now, we prove first that conditions (C1) and (C2) and the entire Step 3 of PR-NCG_M are well defined. 
Proof. First observe that as
we prove that the number α k = k σ j satisfies conditions (C1) and (C2) for all sufficiently large j .
By contradiction, assume first that there exists an infinite set J of the index j such that condition (C1) is violated, i.e. for every j ∈ J we have:
where
Suppose now that by contradiction there exists an infinite set, say it again J , such that for j ∈ J condition (C2) is violated. This implies that by the boundedness of p k , for all j ∈ J at least one of the following conditions holds (the subscript in M j denotes the fact that the preconditioner possibly depends on the point y ( j ) ):
Then, taking limits for j ∈ J , j −→ + ∞ , we obtain that at least one of the two inequalities
be valid. But in both cases we get a contradiction to the assumptions g k = 0 and
Therefore, under the assumption g T k p k < 0 , we can conclude that Step 3 is well defined, by taking j k as the largest index for which both conditions (C1) and (C2) are satisfied, and setting the parameters as α k = σ j k k .
The main properties of the sequence of iterates produced by Algorithm PR-NCG_M, which are at the basis of our convergence result, are stated in the next proposition. 
From (3.4) we have x k ∈ L 1 for all k , which establishes ( i ); then ( ii ) follows from (3.4) and the compactness of L 1 . Recalling the expression of α k and taking limits in (3.4) for j −→ + ∞ , then ( ii ) yields ( iii ). Now, the instructions at Step 2 and Step 3
In order to establish (v ) we distinguish the two cases: α k = k and α k < k , where k is the scalar defined at Step 2 . In the first case, we have obviously
Now suppose that α k < k , so that α k σ violates at least one of the conditions at Step 3 . Recalling (3.3) we have that the point
If (C1) is violated we can write, using the Mean Value Theorem:
. Recalling (3.1) and by the Cauchy-Schwarz inequality, we get
Using (3.7) in (3.6) we get
whence we obtain 8) which proves ( v ). Now assume that α k σ violates (C2) . Suppose first that the rightmost inequality does not hold, i.e.
Recalling (3.1) and by the Cauchy-Schwarz inequality we have
Furthermore we get
thus, using (3.10) and (3.11) in (3.9) we obtain:
Again, by the Cauchy-Schwarz inequality we have
(3.14)
Finally, using (3.13) and (3.14) in (3.12) we obtain
Taking the limits for j −→ + ∞ and taking into account that the rightmost inequality (C2) holds at
Step k , we get 16) implying (v) . Now suppose that (C2) is violated because the leftmost inequality is not fulfilled, i.e.
Using a similar reasoning we obtain
Thus, from (3.5), (3.8), (3.16) and (3.18) we obtain (v ) by taking
Finally, in order to establish the main global convergence properties of Algorithm PR-NCG_M we can state the following theorem. 
(ii) every limit point of { x k } is a stationary point of f.
Proof. Suppose that Algorithm PR-NCG_M does not terminate in a finite number of iterations and that ( i ) is false. Then, there exists a subsequence { x k } k ∈ K ⊆{ x k } and ε > 0 such that 19) and by ( iii ) of Proposition 3.3
Now, by the instructions of Algorithm PR-NCG_M, using (3.1), (3.2), (3.19) and (i v ) of Proposition 3.3 we can write for
Therefore, using ( iii ) of Proposition 3.3 we get
The latter condition implies, by (C2) of Step 3
so that ( iii ) of Proposition 3.3 and the Lipschitz continuity of g contradict (3.19) . Thus, ( i ) holds and ( ii ) follows from the continuity of f ( x ).
This theorem shows that for the preconditioned version PR-NCG_M the same global convergence properties of PR-NCG still hold.
A framework for symmetric rank-2 updates
The previous section reveals the importance of mild assumptions on the preconditioners, in order to prove global convergence properties of PR-NCG_M. On this guideline, now we briefly report a positive definite preconditioner for NCG, based on quasi-Newton updating formula, recently proposed in [10] . It exploits the properties of a parameter dependent symmetric rank-2 (SR2) update of the inverse Hessian matrix, and will represent one of our benchmarks for the numerical experience in Section 6 . In particular (see [10] ), after k iterations of the NCG let the sequence of iterates { x 1 , . . . , x k } be available.
Then, the idea is that of building a structured preconditoner M k +1 which satisfies the secant equation at least at the current iteration, i.e.
In a more general framework, similarly to the Broyden class, the authors in [10] address a family of preconditioners of the form 
is well-defined, positive definite and can be iteratively updated;
) "tends to preserve" in some sense the inertia of the inverse Hessian
In particular, the proposal in [10] sets in (4.2)
with p k generated at the k th iteration of the NCG method, and α j computed by the linesearch procedure. The resulting overall update is given by
Finally, in order to satisfy the secant equation M k +1 (γ k +1 ) y k = s k at step k , the following relation among the parameters γ
k and σ k must hold
The next result (see ( iii ) of Proposition 2 in [10] ) summarizes a relevant issue of the proposal in [10] , in order to satisfy the secant equation or secant-like conditions. The efficiency of the preconditioner in [10] gives a numerical evidence of the latter fact. 
Proposition 4.1 ( [10] -Proposition 2 (iii)) . Let f (x )
We complete this section observing that by the choice of C k in [10] the preconditioner in (4.4) satisfies item (c) of Assumption 3.1 .
A symmetric rank-2 update based on modified secant equations
In this section we propose a novel quasi-Newton updating formula, by considering the properties of a parameter dependent symmetric rank-2 (SR2) update of the inverse Hessian matrix, used as a possible preconditioner for the NCG (see [10] ). We claim that our quasi-Newton update M k +1 , which aims at approximating [ ∇ 2 f (x )] −1 in some sense, satisfies the following modified secant equation along all previous directions; namely it results
The satisfaction of (5.1) is a distinguishing property of our proposal in this paper, and though (5.1) imposes weaker conditions with respect to the satisfaction of the secant equation at any step j < k , numerical performance seems to confirm its effectiveness and efficiency. On this guideline, in order to build an approximate inverse of the Hessian matrix and explicitly indicating the parameters it depends on, in place of (4.2) we consider here the update
where the sequence { M k } explicitly depends on the real parameters δ k , γ k , ω k . Considering the relation (5.2) we set now more explicitly
where p k is generated at the k th iteration of the NCG method. Thus, we have the novel update
We immediately remark that the main difference between (5.3) and the proposal in [10] relies on the following fact. In (4.4) the rightmost contribution aims at possibly computing an approximate inverse Hessian matrix. Then, the coefficients 
Therefore it results explicitly
for some scalar σ k ∈ R . By replacing this expression of v k in (5.4) we have
Thus, the following relation among the parameters γ k , σ k and ω k must hold
By the arbitrariness of γ k , without loss of generality, we can set σ k ∈ {−1 , 1 } , i.e. σ 2 k = 1 . Therefore, in the sequel we refer to (5.3) with
and the parameters γ j and ω j are chosen, for any j = 1 , . . . , k, as Proof. The proof proceeds by induction: we prove it for k = 1 (and j = 1 in (5.1) ), we assume it holds for k − 1 (and j ≤ k − 1 in (5.1) ) and prove it for k . Equations (5.1) immediately hold for k = 1 , that is M 2 y 1 = s 1 , as a direct consequence of (5.5) and (5.6) . Now, suppose that the relations (5.1) hold for the index k − 1 . To complete the induction we need to prove that the relations (5.1) hold for the index k (and j ≤ k in (5.1) ) .
Firstly, note that M k +1 y k = s k as a direct consequence of (5.5) and (5.6) , and (5.1) hold for j = k . Now, we have to prove that (5.1) hold for any j < k . Indeed, for j < k the definition of M k +1 yields 
where the third equality holds since y j = As j , for any j ∈ { 1 , . . . , k − 1 } . Moreover, the fourth equality holds since s j = α j p j , j = 1 , . . . , k − 1 , and p j are conjugate directions. Finally,
which again follows from the conjugacy of the directions { p 1 , . . . , p k } . Thus, (5.1) hold for index k (and j ≤ k ) and the induction is complete.
As an immediate consequence of the previous proposition, we give now a finite termination property for quadratic functions. More specifically, we prove that after at most n steps, the recursion (5.3) provides the matrix M n +1 , which is, in some sense, a modified inverse Hessian. • If (5.1) 
Proof. The proof immediately follows by Proposition 5.1 .
We highlight that, whenever k = n, Corollary 5.2 justifies item (4) on page 8. Moreover, later on in the paper we show that for k < n , the update in (5. 
Proof. By (5.1) and adding with respect to index j we obtain the two relations
By (5.8) and recalling that f ( x ) is quadratic, we have
which yields 1) . By (5.9) we immediately infer 2) . Finally, by Corollary 5.2
and using (5.10) with k = n we have
After analyzing the case of f ( x ) quadratic, we turn now to the general case of a nonlinear continuously differentiable function. In particular, since we are interested in using the matrix M k +1 in (5.3) as a preconditioner, recalling Section 3 we need to investigate if there exists a suitable setting of the parameters δ k , γ k and ω k such that M k +1 is positive definite, provided that (5.1) and (5.6) are satisfied.
In order to prove the next result, we highlight that by replacing (5.5) in (5.3) , we obtain
Hence, M k +1 can be rewritten in the form 
which is satisfied provided that
.
Note that by (A.1) of Lemma A.1 (see the Appendix ), regardless of the choice of γ 1 and ω 1 in (5.6) , the quantity λ m ( 1 ) can be obtained directly as
where λ n −1 and λ n are defined in (A.1) , setting in Lemma A.
we want to prove the result for step k + 1 . To this purpose, recalling again that by Lemma A.1 we can compute similarly to (5.13)
The result in Proposition 5.4 gives a characterization of the spectrum of M k +1 , but possibly it does not indicate a procedure to set the parameters affecting the formula of M k +1 . Moreover, the hypothesis that for any k the vectors p k and M k y k are not parallel may be difficult to be guaranteed. Thus, in order to fill the latter gap and provide a set of parameters δ k , ω k and γ k , such that conditions (5.6) are satisfied (i.e. equivalently (5.1) hold) and the preconditioner M k is positive definite, the following proposition may represent an operative tool. In particular, observe that unlike Proposition 5.4 , the next result neither requires to compute λ m ( k ) nor it needs to introduce the sequence { ˆ λ k } . 
which can be satisfied using (5.14) as
The latter relation is indeed the condition (5.15) , and satisfies also the second relation (5.6) . Finally, by (5.14) the first relation 
Issues on ill-conditioning
The previous proposition ensures that, properly choosing the parameters δ k , ω k and γ k , the preconditioner M k +1 is wellposed and positive definite. However, we should take into account that the search direction p k we compute at iteration k of NCG could be not well scaled, which may introduce some ill-conditioning when applying the PNCG. Following the rationale behind the BFGS updates, a possible remedy to the latter drawback can be represented by reducing the distance between M k +1 and M k , i.e. minimizing the Frobenious norm M k +1 − M k F . In this regard, as well known we have
By the properties of the trace of matrices (see e.g. [7] ), we have
Thus, a possible upper bound for 
Then φ( ω k ) is monotone non decreasing with respect to ω k , and ω k = 0 minimizes it.
Proof. After setting ε k ∈ (0, 1), by (5.16) we note that γ k depends on ω k . Thus, the function φ( ω k ) in (5.22) uniquely depends on ω k . Now we have for φ ( 
By using (5.5) and (5.16) in (5.23) we obtain
where 
Now, replacing 1 − ε k = θ in (5.25) , we can introduce the function 
Numerical experience
Here we report the results of an extensive numerical experience, in order to validate the analysis and the theoretical achievements of the previous sections. We implement our proposal (5.3) in Fortran 90 (without recurring to the alternative
Step 3 on page 3) and, analogously to [10] , we embed it in a standard implementation of NCG, namely the code CG+ by Gilbert and Nocedal [15] . We select the Polak-Ribiere method and, as regards the linesearch procedure, the standard one by Moré and Thuente [25] satisfying strong Wolfe conditions, i.e. the one adopted in CG+ . As concerns the parameters of the algorithm, we use all the default values of CG+ . According with Proposition 5.5 , for the parameters affecting our proposal in (5.3) we used the settings
In order to limit the computational burden, as long as the storage requirement at iteration k , we preliminarily investigated the possibility to implement the preconditioner in (5.3) neglecting the information at iterations older than iteration (k − m ) -th, playing m the role of a "memory" parameter. The latter choice resembles the setting of the preconditioner proposed in [10] , where only the explicit contribution of the last m pairs in (2.2) was taken into account. Not surprisingly, our numerical experience highlighted that this simplification does not deteriorate the performance. Indeed, this choice matches the rationale of the limited memory BFGS method (L-BFGS) and the value of m = 4 seems to provide the best compromise.
As regards the stopping criterion we adopt the standard one given by (see e.g. [23, 24, 27] )
As a test set for our numerical experience, we select all the large scale unconstrained test problems in CUTEst collection [16] . We consider those test problems whose dimension is in the range n = 10 0 0 and n = 10 0 0 0 , and whenever a variable-dimension problem is used, two different sizes are included (this sums up to 112 resulting problems). The results are reported in terms of number of iterations and number of function evaluations. As usual, when comparing two algorithms we exclude all the test problems where the compared alternatives do not converge to the same stationary point.
In Fig. 1 we compare the performance of the preconditioner in [10] and that of our proposal in (5.3) . We can easily observe that our proposal definitely outperforms the one in [10] (both in terms of iterations and function evaluations). This should be due to the fact that the preconditioner in (5.3) seems to better exploit the information collected in the history of the overall algorithm, imposing a modified quasi-Newton equation. The profiles reveal an appreciable improvement of the efficiency as long as the robustness.
In order to verify the effectiveness of exploiting information by the modified secant equation, we perform a comparison between our proposal in formula (5.3) and the benchmark algorithm given by the L-BFGS method (see [23, 27] ). To this aim, we use the L-BFGS code available at the J. Nocedal web page. Observe that, as reported in the L-BFGS code, the linesearch procedure used therein slightly differs from the original one in [25] , as (quoting from the Fortran code) "Moré's code has been modified so that at least one new function value is computed during the line search (enforcing at least one interpolation is not easy, since the code may override an interpolation)". In this comparison, we also adopt this modified linesearch procedure within our PNCG code, for the sake of correctness.
The results of this comparison, also including the unpreconditioned NCG case, are reported in Fig. 2 . The results w.r.t. number of iterations show that, to some extent, our proposal in (5.3) can be also competitive with L-BFGS, in terms of efficiency. On the other hand, L-BFGS seems to confirm in any case its robustness, with respect to both a standard (unpreconditioned) NCG scheme and a preconditioned scheme including our proposal in (5.3) . Conversely, L-BFGS definitely outperforms both the proposal in (5.3) and the unpreconditioned NCG, in terms of number of function evaluations. The latter fact suggests that the control of ill-conditioning of our preconditioner, as indicated by the bound (5.21) , surely represents an improvement, but possibly it does not guarantee yet a fully efficient tool, so that further research in this regard seems necessary. Finally, on the overall, the results highlight that our idea in (5.3) provides a good (say efficient) search direction, but still needs a better scaling. In order to confirm this trend, we enclose in Table 1 the detailed results (number of iterations ( it ) and number of function evaluations ( nf )) for those problems where our proposal compares favorably vs. L-BFGS, at least in terms of number of iterations. Table 1 reveals that on several test problems, our approach requires a larger amount of function evaluations w.r.t. L-BFGS, even in presence of a reduced number of iterations. This is due to a couple of facts affecting the Moré-Thuente linesearch procedure [25] used, i.e.:
• the linesearch procedure seems to be well tuned when search directions computed by quasi-Newton methods are adopted, hence the efficiency of L-BFGS (quoting from [25] "The curvature condition [in strong Wolfe conditions] is particularly important in a quasi-Newton method, because it guarantees that a positive definite quasi-Newton update is possible"); On the base of the above considerations, it might be the case to investigate modifications to the linesearch procedure, to be paired with our proposal (see for instance [22] ).
As a final comparison, taking into account that the stopping criterion used in the original CG+ code does not match the one in (6.1) , being g k ∞ ≤ 10 (6.2) for the sake of completeness, we replicate the comparison between our proposal in (5.3) and that in [10] , by using the default stopping criterion (6.2) in CG+ . The linesearch procedure is the CG+ default one (i.e. unmodified one [25] ), too. The results are reported in Fig. 4 and confirm the conclusions inferred from Fig. 1 . 
Conclusions
In this paper, a novel preconditioner for NCG is introduced. It is based on the satisfaction of a modified secant equation and complies with some theoretical advances for NCG global convergence. An extensive numerical testing showed that our proposal is reliable for large scale problems. Moreover, it proved to be efficient when compared with the benchmark algorithm for large scale unconstrained optimization given by L-BFGS. Further research is still expected in order to better control possible ill-conditioning of our preconditioner, since this should enhance the overall behaviour of the PNCG method.
